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Abstract 

We extend the coherent state transform (CST) of Hall to the context of the 
moduli spaces of semistable holomorphic vector bundles with fixed determinant 
over elliptic curves. We show that by applying the CST to appropriate distri- 
butions, we obtain the space of level k, rank n and genus one non-abelian theta 
functions with the unitarity of the CST transform being preserved. Further- 
more, the shift k ^ k + n appears in a natural way in this finite-dimensional 
framework. 
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1 Introduction 



In I Hal] Hall proposed a generalization of the Segal-Bargmann or coherent state 
transform (CST) |Sel| , |Se2| , Ba | in which M" is replaced by an arbitrary compact 
connected Lie group K and C" by the complexification Kq of K. This Segal- 
Bargmann-Hall CST was further generalized to gauge theories with applications 



to gravity in the context of Ashtekar variables in [ALMMT| and to Yang-Mills 



theories in two space-time dimensions in [ DH |. For reviews and further develop- 
ments see |Ha2, [Ha3|| and [Th|. 



In the present paper we continue the project started in | FMN ] of the appli- 
cation of CST techniques to the study of theta functions. 

For a Riemann surface X of genus g, Kc-theta functions are sections of 
holomorphic hne bundles C over the moduli space of semistable /Cc-bundles on 
X 

The study of theta functions motivates considerable interest both from the math- 
ematical and physical points of view. In physics, the spaces H^{M-Kc{^)i-^) cor- 
respond both to spaces of conformal blocks in WZW conformal field theories and 
to Hilbert spaces of states of Chern-Simons theories. It was in this context that 
the Verlinde formula for the dimensions of these vector spaces of holomorphic 



sections was discovered, see for example ||So[ for a review. 

In the case when Kc is SL(n,C), this moduli space can be interpreted, via 



the well-known theorem of Narasimhan and Seshadri | N£ ] , as the moduli space 
A4n{X) := A^s'L(n,c) (-^) of semistable rank n vector bundles with trivial deter- 
minant over X, and the corresponding non-abelian theta functions were already 
subject of study by Weil. The conformal blocks are then represented by holo- 
morphic sections of powers of determinant line bundles over AiniX) which is 
also the moduli space of flat S'C/(n)-connections on X. These non-abelian theta 
functions have been widely studied since the nineties, mainly from the point of 
view of algebraic geometry. However, an analytic theory of these functions is not 



yet fully developed, and there are many open questions related to them [ Bea , Q. 

In this work we will consider the case when X is an elliptic curve, X = 
Xt-jIuit > 0. Non-abelian theta functions of level k on elliptic curves have been 
studied mainly from two points of view. Expressions for orthonormal frames 
for these theta functions have been obtained by physical (formal) functional 
integral methods in conformal field theory, e.g. in [ [Bei| , EMSS| , |FG| , These 
expressions were also obtained from infinite dimensional geometric quantization 
and symplectic reduction of affine spaces in the context of Chern-Simons theory 
[AdPW|. In both approaches, one observes a shift in the level k ^ k + h, with 
h being the dual Coxeter number ol K {h = n for SU{n)), which arises from a 
regularization of infinite determinants of differential operators on bundles over X. 
We will show that by extending the CST of Hall for SU{n) to appropriate finite- 
dimensional spaces of distributions, we obtain the spaces of non-abelian theta 
functions and that the averaged heat kernel measure descends to a hermitean 
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structure on C)^ making the CST transform unitary, with the correct shift of 
level k ^ k -\- n. 

More precisely, to obtain the relation between the CST for SU{n) and genus 
one non-abelian theta functions we adopt a strategy similar to that of section 4 
of FMN|] : 



In propositions ^ and § of subsection 2^ we consider the extension of 



the CST to complexified Laplacians and then to the space of distributions 
C°°{SU{n)y . By taking the second step we of course lose unitarity of the 
CST. The restriction of the CST for a simple compact group K to Adx- 
invariant functions and distributions is intimately related with the CST 
for the maximal torus T C K, but for Weyl anti- invariant functions and 
distributions as we show in theorems § and |3[ This simple fact will play a 
crucial role and it is behind the success of the CST in reproducing the shift 
k ^ k + h. 

The relation between holomorphic functions on SL{n, C) (obtained from 
this extended CST) and sections of line bundles over A^„(Xt-), is provided 
by pull-back via the Schottky map, see section ^ (specially equation ( [6^ ) 
and proposition ^), 

S : SL{n,C) Mn{Xr). 

In analogy with the abelian case, this gives a description of non-abelian 
theta functions in genus one as holomorphic functions on a space whose 
complex structure is canonical (independent of r). 



3) The theorems of subsection 5.2 show that the restriction of the CST to 
appropriate finite dimensional subspaces J-k of Ad-invariant distributions 
(see (ID and (|5|)) leads to a vector bundle over the Teichmiiller space of 
genus one curves 

nk^Ti = {T£C: Imr > 0} (1) 

which is isomorphic to the vector bundle Tik — > 71 of conformal blocks, see 
([7S|), with simple unitary (see the point 4) below) isomorphism <I>fc given by 

<^k,r-nk,r ^ (2) 

^ 0+ = ei^^^^^^ 

where TCk,T = ^fc|,, ^ = and $fc,T = ^fcU • Here, 6^ denote Weyl 
invariant or anti-invariant theta functions, p is the Weyl vector and a is the 
denominator in the Weyl character formula. The image of J-k under the 
CST selects a trivialization of the bundle of conformal blocks corresponding 
to the frame (|83D. This shows that the CST on SU{n) leads to the shift of 
level k ^ k + n also obtained in conformal field theory but with the help 
of infinite dimensional Feynman path integral methods. 

4) The Hall averaged heat kernel measure on SL{n, C) defines a hermitian 
structure (|8^ ) on Tik for which the unitarity of the extended CST is recov- 
ered. 
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This strategy provides an intrinsically finite-dimensional framework for the 
study of non-abelian theta functions in genus one. 

The organization of the paper is the following. In section we extend the 
CST to class functions on compact Lie groups and extend the results to Ad- 
invariant distributions on the group. In section ||, we extend the results of 
[FMN] to abelian varieties with a general polarization. In the following sec- 
tions, we restrict ourselves to the context of elliptic curves and K = SU{n) 
{Kc = SL{n, C)) corresponding to the moduli space AiniXr)- (The correspond- 
ing results for other Lie groups should also apply.) In section we describe 
the Schottky map from the space of Schottky representations of tti(Xt-) in Kq 
to the moduli space A^„(X^). By considering the Schottky map, we show in 
section ^ that the results in ||FMN ] extend to non-abelian theta functions in 
genus 1. Namely, applying the CST to appropriate finite dimensional spaces of 
distributions Tk C {SU {n))' yields the spaces of level k non-abelian theta 
functions (Theorem |9|). In this case however, as we show in Theorems ^ and 



10| , not only the Hall averaged heat kernel measure makes the CST unitary, but 
also the hermitean structure that it defines on the corresponding vector bundle 
over the Teichmiiller space is the "correct" one in the sense that it contains the 
level shift k ^ k + n. Surprisingly, the case of SU (2) is special and is treated in 



subsection 5.S, where the main results are formulated in theorem 11 



Extensions of this work and applications to the moduli space of semistable 
vector bundles on higher genus curves will appear in |FMNT]. 



2 Extensions of the Coherent State Trans- 
form 

2.1 Coherent State Transform for Lie Groups 

Let -fC be a compact connected Lie group of rank /, Kc its complexification (see 
[[Hc|]) and let pt, t > 0, be the heat kernel for the Laplacian A on IT associated to 
an Ad-invariant inner product on its Lie algebra Lie{K). If {Xj, i = 1, dimET} 
is a corresponding orthonormal basis for Lie{K) viewed as the space of left- 
invariant vector fields on then A = ^^^^ XiXi. As proved in [ Hal ], pt 



has a unique analytic continuation to Kc, also denoted by pt- The iT-averaged 
coherent state transform (CST) is defined as the map 

Ct : L\K,dx)^n{Kc) 

Ct{f){g) = [ f{x)pt{x-^g)dx, f€L\K,dx),g€Kc (3) 
Jk 

where dx is the normalized Haar measure on K and TC(K£) is the space of 
holomorphic functions on K^. For each / G L'^{K,dx), Ctf is just the analytic 
continuation to Kq of the solution of the heat equation. 
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with initial condition given by u{0,x) = f{x). Therefore, Ct{f) is given by 

Ctfig) = {Cop^^ f){g) = {C o e*-^/) (g), (5) 

where ★ denotes the convolution in K and C denotes analytic continuation from 
K to Kc. Let dvt be the iT-averaged heat kernel measure on Kc defined in |Hal]. 
Then the following result holds. 

Theorem 1. [Hall] For each t > 0, the mapping Ct defined in ^ is a unitary 
isomorphism from L'^(K,dx) onto the Hilhert space L'^{Kc,di't)f^Ti.{Kc). 

To obtain a more explicit description of this CST, consider the expansion of 
/ G L'^{K,dx) given by the Peter- Weyl theorem, 

/(x)= j;tr(R(x)^R), (6) 
R 

where the sum is taken over the set of (equivalence classes of) irreducible repre- 
sentations of K, and Aji € End Vr is given by 

An = {dimVR) [ f{x)R{x-^)dx, (7) 
Jk 

Vr being the representation space for R. Then one obtains: 

Ctf{g) = ^e-'-'^ti{R{g)An), (8) 

R 

where cr > is the eigenvalue of —A on functions of the type 

tr(^R(x)), A G EndiVn). 

2.2 Coherent State Transform for Class Functions on 
Lie groups 

From now on, let be a compact simple Lie group of ADE type and let <, > 
be the Ad-invariant inner product on Lie{K) for which the roots have squared 
length 2. The extension of the results to non-ADE type groups should not 
present a problem. We will study here the restriction of the CST to class (i.e. 
^di^-invariant) functions and its relation to the CST transform on a maximal 
torus T C K. The main result in this section is theorem |2|. Let K/Adx be the 
quotient space for the adjoint action of K on itself. As we will show in section 
it turns out that the image of appropriately chosen distributions on K/Adx — 
T/W (where W is the Weyl group), related with Bohr-Sommerfeld conditions in 
geometric quantization, with respect to a natural extension of Ct in (|5|) and (^), 
gives functions satisfying quasi-periodicity conditions in the imaginary directions 
of Kq. These functions correspond to holomorphic sections of the pull-back of 
line bundles over certain moduli spaces of holomorphic vector bundles over an 
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elliptic curve Xr- Here, the appropriate metric to be considered on Kc is related 
to the complex structure r on X^-, where r G C, Im(r) > 0. 

Let [) be the Cartan subalgebra of Kq corresponding to T, and let A^, Ay/ C 
Kii,K\Y C f)R be the root, weight, coroot and coweight lattices respectively. 
We consider fixed a choice of positive roots. Denote also by <, > the inner 
product induced on by the inner product <, > on f). 

From the Peter-Weyl expansion (|6[) and Schur's lemma, one sees that the 
space iyLp' {K , dx))^^'^ of Ad-invariant functions on L?{K,dx) corresponds to 
chosing all the endomorphisms A-^ proportional to the identity Aji = ajil. There- 
fore, any / G (L^(Er, dx))^"'^ can be expressed as 



/= E 



flAXA, (9) 



where we labelled irreducible representations of K by the highest weights A in the 
set of dominant weights A^ C Kw, X\ = ti'(R'A) is the character corresponding 
to A. 

By restricting the coherent state transform (^) and (|8|) to the closed subspace 
of Ad-invariant functions on K we obtain 

Proposition 1. The restriction C^'^ of the CST ^ to the Hilhert space L^iK, dx)^'^^ 

is an isometric isomorphism onto the Hilhert space 

L^{Kc,dutf'''<cf]n{Kc). 

Proof. From @ and (P) we see that for / G {L"^ {K , dx))^'^'^ we have 

C^^fig) = Ctfig) = ^ ax e-*-^ xxig) = 

= 5^ aAe-*"'=nr(RA(5)), <?Gi^c. (10) 

AGA+ 

where c\ = cr^^, and therefore the image of an yld/^-invariant function on K is 
an 74(i;^j, -invariant function on Kq. On the other hand, a non ^dj^-invariant 
/ has in its Peter-Weyl expansion at least one Aji which is not proportional 
to the identity and therefore its image will not be Adi^-j, -invariant. Let now 
F G L'^{K£,dvt)^'^'^c Pi H(Kc). From the ontoness of Cj and from Schur's lemma 
as above, we see that F has the form (|lO| ) and is therefore the image under Ct 
of an Adi^-invariant function on K. □ 

In view of the isomorphism of C°°{K)^'^'^ = c°°{T)^ it is interesting to 
relate the CST C^'^ for Ad-invariant functions on K with the "abelian" CST 
Cf^ for functions on T. Amazingly, the interesting relation is with VF-anti- 
invariant and not VF-invariant functions on T. This fact will have important 
consequences for the application to non-abelian theta functions that we pursue 
in the next sections. In particular, it will lead to the well known shifts of level 
k ^ k + h and of weights A ^ A -|- p, where h is the dual Coxeter number for 
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Lie{K) and p £ Aw is the Weyl vector given by the half the sum of the positive 
roots. 

First of all notice that from the Weyl integration formula (see for example 
[ p<CnU ) we see that there exists an isometric isomorphism into the space of W- 
invariant functions on T, 

L\K,dx)^'^'< L\T,\a\^dh/\W\)^ 

f ^ f\r (11) 

where dh denotes the normalized Haar measure on T, \W\ is the order of W and 
a is the denominator of the Weyl character formula given by 

a(e2"'^) = e(u')e2™(^)('^), for h e ijR . (12) 

Here, €{w) = det(w) with w G W viewed as an orthogonal transformation in f}j^. 
Notice that a is Weyl anti- invariant, that is if w G then a o w = e{w)a. 

Let ai, ...,ai be a set of simple roots and Ai, A; the corresponding set of 
fundamental weights such that ^5,'^""^^ = 6ij. The coordinates on corre- 
sponding to the coroots dj will be denoted by Xy By considering the T invariant 
and W invariant metric on T associated with the inner product < , > we have 
the Laplace operator on T given by 

^ab ^ -i-C^i ^ ^ ^ (13) 
i,j=i -I 

where C^^ =< Aj, Aj > is the inverse Cartan matrix for Lie{K). 

As in the case of the group K, there is a unique analytic continuation pf^ to 
Tc of the heat kernel for the Laplacian A*^*^ on T, and we define for each t > 
the "abelian CST" as the map: 

: L'^{T,dh) ^n{Tc) 

CtiDiz) = [ fih)pfih-^z)dh, f GL\T,dh), zGTc, (14) 
Jk 

where H{Tc) is the space of holomorphic functions on Tc = fl/A^ = (C*)'. It is 
easy to see that if / G (T, dh) is given by 

fih)= bxe''^'\h), for /iGT, (15) 



AeAv 



then 



Cf(/)(2)= Y &Ae"*^ll^ll'e2^^^(z), where zGTc. (16) 
As before, Hall's result applies to this CST and we have 
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Corollary 1. [Hall] For each t > 0, the mapping Cf^ is an isometric isomor- 
phism onto the Hilhert space L'^{T£.,dvf-^)f^Tl{Tc), where dvf^ is the averaged 
heat kernel measure on T^. 



The explicit expression for uf^ is 



1/2 



<{v) = [-^) ^Jdetiaj] e2i<--.-->, (17) 

where z = e^'^™ ^ for G f) and Tc = f)/A/j, and conjugation f i— > u is the 
anti-linear involution in f) preserving 

Functions in (|10|) are the analytic continuation of Ad-invariant solutions of the 
heat equation on K while those in (jl^) are the analytic continuation of solutions 
of the heat equation on T and which can in turn be extended to ^dj^-invariant 



functions on K. As noticed by Fegan |Fe] two facts make it particularly simple to 



relate Ad-invariant solutions of the heat equation on K with Weyl anti-invariant 
solutions of the heat equation on T. The first is the Weyl character formula 

XX = -Y1 e(w;)e2™(^+'') (18) 

(T ^ — ' 

and the second is the identity 

c, = ||A + HP-||HP ■ (19) 

Let L'^{T, dh)^ and L^(Tc, dff'^)!5 denote the VF-anti-invariant subspaces. Since 
the actions of W and A on Lp'{T,dh) commute, we have a result analogous to 
Proposition [l| (with similar proof which we omit): 

Proposition 2. The restriction of the ahelian CST ( fT^ j (which we will denote 
by the same symbol Cf^) to the space L'^{T, dh)^ is an isometric isomorphism 
onto the Hilbert space L'^{Tc,dvf)^ [\'H{Tc). 

From (|lO|), (|l6|), ( p!8| ) and ( [l9| ) we see that by multiplying an Ad- invariant 
solution of the heat equation on K by cre"*'^"''!! we obtain a M^-anti-invariant 
solution of the heat equation on T. Moreover, this map takes Cf'^ to re- 
stricted to W anti- invariant functions. More precisely, consider the maps (p and 
(/9c given respectively by 

if. L^{K,dx)^'^'< ^ L'^{T,dh)^ 

\Aw\ ''^ 



and 

: LHKc,ut)^''''cf]n{Kc) - L^Tc, duf)"^ nn{Tc 



\W\ ■'l^c 

where a denotes also the analytic continuation of ([T2|) . We then have the follow- 
ing 
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Theorem 2. The maps ip and (pc are isometric isomorphisms and the following 
diagram is commutative 



L\K,dx)^'''< A LHKc,di^tf'''<cf]n{Kc) 

i^c (20) 

L^{T,dh)^ A L''{Tc,duf^)^r[n{Tc) 

Proof. From the Weyl integration formula we see that ip is an isometry. It is easy 
to check that if / S L'^{T,dh)^ , then its expansion (|T5|) receives contributions 
only from non-singular weights A G A^^, i.e. such that 

< A, Q!j for all simple roots Qj. This implies that such / is of the form 

f{h) = &Ae2"^^("). 

A non— singular 

Using Weyl anti-invariance and the fact that any regular A' € A^y is of the form 
A' = A + p, A G A^, we obtain 

f{h) = e{w) Y &A+pe2-"'("+^)('^) = aih) ^ h+pXxih), 
^(^W AGA+ AeA+ 

so that f /a can be extended to L?{K, dx)^'^^ , and (p is an isomorphism. On the 
other hand, from ([lO|), ([l6|) , ( |l8|) and (|l^ we see that the diagram commutes. It 
then follows from Propositions |l] and |2| that ipc is also an isometric isomorphism. 

□ 



2.3 Extension to Distributions 

In order to apply later the CST to the study of non-abelian theta functions on 
an elliptic curve with modular parameter r in the Teichmuller space of genus 
1 curves 7i = {r G C : Imr > 0}, let us consider the complex non-self-adjoint 
Laplacian on K 

dimK 

^(-ir) ^ _ -^^ ^ _ XjXj . (21) 

where {Xi, i = l,...,dimi^} is an orthonormal basis for Lie{K) viewed as the 
space of left-invariant vector fields on K as in section |2.l| . Then we have 

Proposition 3. For each r G 7i and each t > 0, the mapping 

d = Co e*-^'"'"' : L^{K, dx) n{Kc) (22) 
is a unitary isomorphism onto the Hilbert space 

L^iKc,diytr,)f]n{Kc), 
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where dvtT2 is the averaged heat kernel measure corresponding to the Laplacian A 
on K. The restriction of the CST ( p^ j to the space Lp'{K,dx)^'^'^ , also denoted 
by CI , is an isometric isomorphism onto the Hilbert space 

L\Kc,dutr,)^''^cf]n{Kc). 



Proof. Let ri = Re(r) and decompose the transform (12 2|) as 

The Laplace operator A is self-adjoint on L'^{K,dx) and therefore the operator 

g-irit^A . ^2(^^^^) — ^ L^{K,dx) 

is unitary. The unitarity of C^'^ follows from Theorem ||. To obtain the second 
statement notice that the image under the CST (|2^ ) of / in the form (|9|) is given 
by 

CIf{z)= Yl ax^'^^'^'Xxiz). (23) 
AeA+ 

The proof then follows from the proof of proposition |l| with obvious changes. □ 

We will now extend the CST transform of proposition |3| to the space of 
distributions C°°(K)' Q. This is the space of Fourier series of the form ||SH| 



f=Y. tr(RA^A) (24) 

A6A^ 



for which there exists an integer > such that 



1™ 7^^tW=0' (25) 



|[A|Hc« (1 + 

where | \Ax\ \ is the operator norm of the endomorphism A\ G End{K\). Consider 
the extension of the adjoint action of K on C'^{K) to C°°{K)' defined by 

x-f= iT{RxAl) , 
AeA+ 

where = Rx{x)AxRx{x^^),'\/x & K. If / is in the space of ^dx-invariant 
distributions / £ {C°°{Ky)^'^'^ then Schur's lemma and (|2^) again imply that 
it has a unique representation of the form 

f=Y. (26) 
AeA+ 
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The Laplace operator and its powers act as continuous linear operators on 
the space C°°{K)' and for r2 > define the action of the operator e'^*^* on 
it. For / of the form ( p4|) we have 

"*^'""V= e^"*"'Hr(RA^A). (27) 



e 

AeA 



w 



Proposition 4. /// = Z^aga,^, ^"^{^x^x) S C°°{K)' then the series 

e'-'^''Hi{Rx{9)Ax) (28) 

AeA+ 

where g £ Kc defines a holomorphic function on Kc x 71 which we denote by 
(Coe-*^<-')(/). 



Proof. The growing condition (|25D, together with (|19[), implies that there exists 
a c > such that 

for ||A|| sufficiently large. On the other hand, writing g = xexp{iY) for x £ 
K,Y £ Lie{K), one has \\Rx{g)\\ < exp(M||y||||A||), for some constant M > 0. 
Therefore, the series ( p8| ) is uniformly convergent on compact subsets of Kc x 7i 
and its sum defines a holomorphic function there. □ 



Corollary 2. // the distribution f is Adx -invariant of the form (\2q ) then the 
series 

Y ^x^'^^'^'^xxig) (29) 



defines an Adxc-'^nvariant holomorphic function on Kq x 7i. 

Definition 1. The K -coherent state transform for the elliptic curve Xj- = C/(Z® 
rZ), T € 71, and t > is the map 

CI = Co e^*^*"'"' : {C'^{K)Y'^'< n{Kc f'^'^c. (30) 

Remark 1. The role of the elliptic curve Xr will become clear in section\^. 

We will also need the extension of the abelian coherent state transform in 
( [l^ to the present case. This will be related later on in definition ^ to a CST 
associated to the matrix Q, = tC^^ and defined by 

Cf = C o e-^'^"^'" : C°°(r)' ^ TiiTc). 
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Consider the maps and ip'c generalizing the maps in (|2.2| ) given by 



: / = E "AXA ^ ^(^) E «Ae'""'("+'') (31) 



and 



2 O 



" Tm '''' 

We then have the following 

Theorem 3. The maps if and ifc are isomorphisms, and the following diagram 
is commutative 

i^C (33) 

^ab(T) 

(C°°(T)')^ ji^Tc)^ 



and the maps CJ and cf^'^'^^ are injective. 

Proof. A similar argument to the one in the proof of theorem (|2|), the Weyl 
character formula ( |l8|) and (]26| ) show that (f is an isomorphism. On the other 

•Yab(r) 



hand, from (|2^), (pq) and (16) we see that C^" and Q are injective. Indeed, 
two distributions fi and /2 with representations ( p6| ) are different if and only 
if there exists A G A^^ such that the corresponding coefficients a\, a\ are dif- 
ferent. Then, the two holomorphic functions fi and have also different 
coefficients with respect to x\ and are therefore different, as can be readily seen 

abfr) 

by restriction to K. The injectivity of is proved in a similar way. The 



fact that (p£ is also an isomorphism, follows from lemma 9 of |Hal]. Indeed, any 
/ G TC{Kic) has a unique Peter- Weyl decomposition which corresponds to the 
unique analytic continuation to Kc of /|x S L'^{K,dx). (The same applies to 
Tq.) Therefore, again, an analogous argument to the one in the proof of theorem 
(0) shows that is an isomorphism. Finally, the diagram commutes due to the 



Weyl character formula, (|l9|) and the expressions for the CST in (^31), (jjwj) and 
(0). □ 



3 Coherent State Transform and Theta Func- 
tions on Polarized Abelian Varieties 



In this section, we extend the results of |FMN] to abelian varieties with general 
polarization. This extension, together with the results of the previous section. 
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will be applied in the next sections to the study of non-abelian theta functions 
in genus one. 

Let V be an /-dimensional complex vector space and A = Z^' a maximal 
lattice in V such that the quotient 

M = V/A (34) 

is an abelian variety, i.e. a complex torus which can be holomorphically embed- 
ded in projective space. For later convenience we will assume that M is endowed 
with a polarization H, not necessarilly principal [ GH , BL , Ke]. By definition, 
H is a positive definite hermitean form on V whose imaginary part is integral 
on A. Let E = —ImH, so that E is an integral alternating bilinear form on A. 
According to the elementary divisor theorem, there is a canonical basis of A, 
Pi, . . . ,/?;,/?!,... , Pi characterized by 

E{(3i,(3,) = E{PiJ,) = 

E{l3i,i3j) = 6i6ij, i,j = l, (35) 

where <5i|(52|...|<5; are positive integers, depending only on E, and 6ij is Kronecker's 
delta symbol. Define Ei = —ImHi to be the form with 6i = 1. 

Now, let us decompose V into isotropic subspaces with respect to Ei, Vi = 
(B[=iM.Pi, V2 = ©'=1^^! a-nd decompose the lattice in the same way Aj = ViCiA, 
i = 1,2, so that A = Ai © A2. Let a be the semicharacter for H which is trivial 
on Ai and A2, i.e, a is the unique map a : A — > C/(l) satisfying 

a(A + A') = a(A)a(A')e-"^-^i(^'^') 
aUi = a|A2 = 1- 

To this particular Appell-Humbert pair (a. Hi), we can associate a line bundle 
which we will denote by Li = L{a,Hi) over M via the following (canonical) 
factors of automorphy 

a(i;,A)=a(A)e-^^(-'^)+f^^(^'^). 

Recall that, via the canonical identification of H'^(M, Z) with the space of integral 
alternating bilinear forms on A, the first Chern class of Li, ci(-Li), corresponds 
to the form Ei. 

Level k theta functions on M are holomorphic sections, 9, of = L{a^, kHi), 
9 G H^{M,L\). 

For convenience, we will consider the following different but equivalent factors 
of automorphy for Li. Let S be the C-bilinear extension of i^lvixVi to F = C- Vi, 
and define 

which is a form C-linear in the first variable. Then, L\ is also given by the 
following (classical) factors of automorphy e{X,v) = ci(^\)Q'^'^^kF{v,\)+mkF{\,\) ^ 
which can be rewritten as 

e(Ai + \2,v) = e^^ikF{v,X2)+nikF{\2,\2)^ Xi G Ai. (36) 
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To write down explicit expressions for the theta functions, consider the lattice 
dual to A with respect to Ei, 

A = G F : A) G Z, VA G A} = AI e D A (37) 

where Aj = P| A D Aj, for i = 1,2. A basis for Ai and A2 is given respectively 
by 



i^'j = = ^l^jjA, j = l,...,/, 



^ i=l 



where = (i^ij) is a matrix in the Siegel upper half space Mi of symmetric / x / 
matrices with positive imaginary part. 
One computes, 

F{PiJ') = -nij. (38) 



Using the automorphy factors (|3q), we see that the space 
H^(M, L^), is isomorphic to the space of holomorphic functions on V/Ai = (C*)' 
satisfying quasi-periodicity conditions in the directions of A2 given by 

0{V + b)= e^^'^^(^^>')+mkFib,b)gi^^^^ ^ ^ (-39^ 

Let us denote the latter space by TLk^n, 

where 7i{{C*y) denotes the space of holomorphic functions on (C*)'. Conditions 
(|39|) then imply that there is one independent theta function 9 G 'Hn,k, for every 
C G (fc"^A2)/A2 given by 



Oc{v) = 



nikF{c()+b,co+b)—2nikF(co+b,v) 
beA2 

^ ^ ^—nikF{c,c)—2iTikF{c,v) (40) 

cgC 

where [cq] = C G (/c^^A2)/A2. In coordinates, 

c = T,j'mj-^, m = {mi,...,mi) e Z'-, 

'^ = Y.j^jPj^ z = (zi,...,z/) G c', 

the theta functions take the form 

n 



[z, 



^ ^ ^TTi{m+k5p)-^(m+k5p)+2'rri(m+k5p)-z (42) 
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where m G Z'/fc(5iZ © • • • © SiZ), with 5i = 1, 5 = diag((5i, ...,Si) and z ■ z' = 
Z1Z1 + ■ ■ ■ + ziz[. In these coordinates the automorphy factors ( p6D take the form 

For the benefit of section ^let us consider a more general basis {7j}jLi (not 
necessarily canonical) for Ai © A2 and its dual basis {7^ }^^;^ for Ai © A2. Notice 
that the basis of Ai given by {7j}j=i can be extended to a canonical basis of 

Ai © A2 if and only if ^jl'jj^i is a basis of A2. Let {Pj,f3j} continue to denote a 
canonical basis of Ai © A2 and 

Pj = P'.Sj P'j = T!i=il[+iQv (44) 

where P,Q £ SL{1, Z) and duality demands that P^Q = Id. We then have 

I 

i=l 

where 

n = PQP^ G Ml, (46) 

and also -F(7j, 7-_,_;) = —Sji and -F(7j_,_;, 7-_,_;) = —^ji, where Sji. Considering 
then instead of ( pl| ) the coordinates 

c = Yjjrhj^, rh = {rhi, ...,mi) e Z\ 

^ = Y.j Pj^j+i = Ej ij+iRijPh p = {pi, ■■■,Pi) e z^ (47) 



V 



Y^jZjlj, z = (zi,...,z/) G C 



we obtain for the theta functions the expressions 

0^(z, = e^{z, ^) = Y1 e^^('^+^^^^)-T(™+'^«P)+2'^*('^+^-f^P)-^ (48) 

In these coordinates the automorphy factors take the form 

Returning to the canonical coordinates we see from ( ^2[ ) that the theta func- 
tions are the analytic continuation to (C*)^ = V/Ai of solutions (with t = 1/k) 
of the heat equation on C/(l)' 

l^^^abMf^)^ (50) 
TT dt ' ^ ^ 
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where 

I 

4^2 11 dxidx^' ' 



hi' 



and the xi G [0,1] are angular coordinates on f/(l)'. Of course, that in the 
coordinates (|47| ) the functions Qm are the analytic continuations of solutions of 
the heat equation of ( |5l| ) with Vl in the place of O. 

Following jFMNl] we extend the GST to distributions on (S^)'. 



Definition 2. T/ie CST for the matrix $7 G is i/ie transform 



: (C7~((5i)')y ^ H((C*)') (52) 



The fact that the map (|5^ ) is well defined follows from Lemma 4.1 of | FMN ]. 
The averaged heat kernel function uf^ in this case reads 

where W = ^2 ^ = Im(r2)~^. In periodic coordinates (77,^) dual to the canonical 



basis {j3j,Pj} and related to z in ( [ll|) by z = + r2(5^, the heat kernel measure 
reads 

i^f Odr]dC = j ' (detOa)^ (det (5)e"^^*^'^ ^'^'^^'^^^''^(iryde- (54) 
Consider the distributions on {S^Y given by 

C(X) = e™(x, 0) = ^ ^2.iim+kSp): ^ (55) 



and let Ik,5 denote the (5i • • • 5iA;')-dimensional subspace of (C°°((5^)'))' gener- 
ated by these distributions with inner product (•, •) for which the distributions in 
( |55|) form an orhonormal basis. The distributions in Ik,5 are linear combinations 
of Dirac delta distributions supported on points arising from Bohr-Sommerfeld 



conditions |pn| , |Ty[| . In fact, 



6^,{x)=6{x-^-^)= (56) 

0<ma <kSct 



The extension of the results of [FMN| to general polarizations can be sum- 
marized in 

Theorem 4. 
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1. The image under the CST Cf^yf^ ofIk,5 gives the space Tlk,Q of all level k 
theta functions on the ahelian variety M with polarization given by 5. 

2. The function i/f^ is, for t = 1/k, the pull-back from M to (C*)' of a her- 
mitean structure on L^. 



<e,e'>= / 9e'i^±{rj,c)dridc . (57) 



3. Consider on Tik^n the inner product induced by the CST transform 

ab 
1/k 

[0,1]' X [0,1]' 

The CST transform of definition |^ is, for t = 1/k, a unitary transform 
between {Ik^s, (•, •)) "-"^d {Tlk,n, <■,■>)■ 

Proof. 

1. This follows immediately from the definition oiZk,s- 

2. This means that vf^ is the pull-back of a section of (Lf Lf)* and so should 
satisfy the quasi-periodicity conditions 

^t/ki^ + Pj) = m,zr'ut%{z) = \e-^^^k.,s,-^ikn,,s^-2^.^^^^y (58) 

This is easy to check by taking ^ + 1 in the expression (|5^ . 

3. This follows from a direct computation: 

(j],i)dr]di = (5„^/(2A;)'/2(detSl2)^^^det((5) x 

J[0,l]'x[0,l]' 

y f ^-2.k[Si+l[m+k6p)yn,[Si+l{n.+k5p))^^^^^^^^ (^g) 
'[0,1]' 



X 



pGZ' 
J r- 'Wl 



for all m, m' G 1} jkib^L © • • • biL). □ 
We end this section by noting that the • • • (5//c') x - ■ ■ Sik^) matrix 



A , — I p-27rim'-^m 
-^m'm — \ e 1^ 

in (56) satisfies A'' A = 5i - • • Sik^I, where / is the (5i • • • 5;A;')-dimensional iden- 



-1 



tity matrix. This means that the distributions {l/^/6l ■ ■ ■ 6ik^)5m{x) in (56) are 
orthonormal in {Tk^s, (•, •)). 



4 Vector Bundles on Elliptic Curves 

In this section we recall the existence of a moduli space Mn = i^r), 
parametrizing S-equivalence classes of semistable bundles of rank n and triv- 
ial determinant over an elliptic curve Xj- , r G 7i . Non-abelian theta functions of 
genus one are then defined to be holomorphic sections of the line bundles over 
Mn- We then define the Schottky map associated to a general complex linear 
group G and a Riemann surface X, compute it explicitly for the case G = C*, 
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and relate it to a map used in | FMN | to study abelian theta functions. We com- 
pute the Schottky map for the group SL{n,C) over the elliptic curve X^- and 
use it in section ^ to pull-back to SL{n, C) sections of line bundles over Ain and 
compare them to the CST considered before. This will relate the CST for the 
elliptic curve X^, in definition |l|, to non-abelian theta functions of genus one. 



4.1 The Moduli Space of Semistable Vector Bundles 

Let X be a smooth complex projective algebraic curve of genus g. Here we will 
consider holomorphic vector bundles over X, which we will denote simply by the 
term bundle. For details of the constructions and proofs of the results in this 



section, we refer to M, [Tu\. 



To construct a moduli space for bundles over X one introduces the following 
notions. A bundle E is called stable (resp. semistable) if for every proper sub- 
bundle F C E we have fip < fiE (resp. fip < A^e), where he denotes the slope 
of a bundle E, defined hy fiE = degE/rkE. Two semistable bundles are called 
S -equivalent if their associated graded bundles 

Gr(E) = (BT=lE^/E,_l 

are isomorphic, where 

= EoCEiC---CE„, = E, 

is the so-called Jordan-Holder filtration in which the successive quotients Ei/Ei-i 
are stable of the same slope and are uniquely defined up to permutation. By the 
theorem of Narasimhan and Seshadri [ |NS| ], the space of S'-equivalence classes 
of semistable bundles of rank n and trivial determinant has the structure of a 
projective algebraic variety, which we denote here by Mn{X). 

In the case when X = Xj- = C/(Z©rZ) is an elliptic curve, and E has trivial 
determinant, one can show that the Jordan-Holder quotients Lj := Ei/Ei^i are 
line bundles, necessarily of degree 0. Then E is 5-equivalent to Li © • • • © 
and 



det^ = Li © • • • © L„ = Ox^, 

where Ox^ denotes the structure sheaf of Xj- (corresponding to the trivial line 
bundle on Xr). Let J{Xt-) = Xj- be the Jacobian variety of Xj- and M be the 
kernel of the group homomorphism t : J(Xt-)" — > J{Xr) given by the tensor 
product of line bundles. Consider the following natural maps 

M = kert ^ Mn{Xr) Sym'' {J {Xr)) 

{Li,...,Ln) ^ E ^ {Li,...,L„} 

where the last space is the symmetric product of the Jacobian. One can prove 
that the second map is injective, and that the image of the composition is a 
projective space. Therefore, one has 
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Theorem 5. |Tu] For an elliptic curve Xr, the moduli space Ain = -MniXr) is 
isomorphic to the complex projective space of dimension n — 1, 



Therefore, assuming n > 2, the Picard group Pic{Mn) of isomorphism classes 
of line bundles over 7W„ is isomorphic to Z, and letting Lq = 0(1) denote the 
ample generator, we have 

dimH\Mn,L%) = {^+l-^). 

Although the analogous moduh spaces for higher genus curves do not admit 
such a simple description, their Picard groups are all isomorphic to Z |pN| ]. 
Therefore, in analogy with this case, a non-abelian theta function (for genus 1) 
of level k is defined to be a section 6 of the line bundle Lq, 

4.2 The Schottky Map 

We now define the Schottky map for a complex linear subgroup G of GL{n,C) 
and a general compact Riemann surface X of genus g. Let Q be the sheaf of germs 
of holomorphic functions from X to GL{n,C). The inclusion G ^ Q (where G 
is identified with its constant sheaf on X), defines a map 

£:H\X,G)^H\X,g), (60) 

that sends a flat G-bundle into the corresponding (isomorphism class of) holo- 
morphic vector bundle of rank n over X (necessarily of degree 0) . 

There is a well know bijection between the space of flat G-bundles over X and 
the space of G-representations of the fundamental group of X, Tri(X), modulo 
overall conjugation Hom{7ri(X),G)/G; it is given explicitely by: 

V : Hom{TTi{X),G)/G ^ H^{X,G), p^Vp:= X XpG, (61) 

where the notation means that tti{X) acts diagonally through p on the trivial 
G-bundle over the universal cover X oi X. 

Let us flx a canonical basis of 7ri(X): elements ai, ...,ag,bi, ...,bg that generate 
7ri{X), subject to the single relation nf=i (^ibiCij^^b'^ = 1. Let Fg be a free group 
on g generators Bi, ...,Bg, and q : tti{X) Fg be the homomorphism given by 
q{ai) = 1, q{bi) = Bi, i = I, ■■■,g- Then we can form the exact sequence of groups: 

7ri(X)^Fg^l, (62) 
which in turn defines the inclusion i : Hom{Fg, G) ^ Hom{'Ki{X), G). 
Definition 3. The Schottky map is the composition S = £ oV o i^ 

G3 ^ Hom{Fg,G) A Hom{TTi{X),G) ^ H\X,G) ^ H\X,g). 
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Intuitively, this map sends a (7-tuple of n x n invertible matrices 
(A^i, Nn) S C GL{n, C)^ to the flat rank n holomorphic vector bundle de- 
termined by the holonomies {1, Ni, Ng) around the loops 
{ai, ...,ag,bi, ...,bg), respectively. To have a good description of this map how- 
ever, we need to substitute the space of all isomorphism classes of vector bundles 
H^{X,Q), by a nicer space such as the moduli spaces of semistable bundles of 



section 4J.. If /) G Hom(Fg, U{n)), it is known that the Schottky map is locally 



bi-holomorphic onto a neighbourhood in the moduli space of semistable bundles 



however it is conjectured that its image is dense in In sections 4.3 



and 4.4 we will consider two cases where this map can be given explicitly. 



4.3 The rank one Schottky Map 

In the case of line bundles the situation is simple, since the group GL{1, C) = C* 
is an abelian group and the degree line bundles in H^{X, O*) form an abelian 
variety, the Picard variety of X, 



Pic^iX) 



m{x,z) m{x,Kx)®H^{x,z)' 



where Kx is the canonical bundle on X. The last expression is obtained from 
the short exact sequence (see [Gu|) 



O^C^O^Kx^O. (63) 

Our choice of basis for tti{X) induces an isomorphism H^{X, C) = Hom{TTi{X),C) 
C^^, and allows a very explicit description of the Schottky map as follows 

S : Hom{Fg,C*) ^ {C*y Pic^[X) ^ C^9/H^{X,Kx) ® H^iX,Z) 

(e2--i,...,e2--«) ^ [(0,...,0,zi,...,zg)]. 

(64) 

We can still be more concrete and at the same time relate the Schottky map 



with the construction of [FMN], by using the Jacobian variety J{X) instead of 



the Picard variety of X. By definition 

j{x) = H^{x,Kx)*/Hi{x,z) ^cy{z9®nz9), 

where the last expression arises from considering {ai, . . . , a^, 61, . . . , bg} as the 
basis of the lattice Hi{X, Z) and {ai, . . . , a^} as the basis of the complex vector 
space H°{X,Kx)*, via the natural action of Hi{X,Z) on H'^{X,Kx)* ■ As is 
well known, the Jacobian and Picard varieties of X are canonically isomorphic, 
as follows. Let 

n : H^{X, C) ^ C^^^ ^ H^{X, O) ^ C9 

be any linear map with kernel equal to H^{X, K). Simple computations using 
(|63|), show that 11 is represented hy a g x 2g matrix, also denoted 11 = [Hi 1 112] , 



21 



such that Hi + Il2^ = 0. The isomorphism between the Picard and Jacobian 
varieties of X is then given by 112 • J{X) ~^ Pi<P{X), (see [Gu|), hence 



H\X,C) ^ Ptc\X) J{X) (65) 

{w,z) ^ II1W + II2Z ^ —Qw + z. 

Therefore, we obtain 

Theorem 6. With our choices of basis of Hi{X,7j) and H^{X, Kx)* , we have 

(Ha ^ o S){e^^''' , • • • , e^^''^) = z (modA). (66) 

Proof. This fohows immediately from the maps (^) and (^5|). □ 

Because of this resuh, the composition Eg ^ o S : (C*)^ J{^)-: is indepen- 
dent of the actual isomorphism between J{X) and Pic^{X), and will henceforth 
be called the abelian Schottky map, and denoted by s. This map was used in 
pMN ] , in order to identify, via pullback, classical theta functions with holomor- 



phic functions on (C*)^. We will use it later to relate the CST for the elliptic 
curve Xt , in definition to non-abelian theta functions of genus one. 

4.4 The Schottky Map for genus one 

Let us now consider the Schottky map for the case of an elliptic curve X^ = 
C/ (Z © rZ) , and for semistable bundles of rank n with trivial determinant over 
Xr- This will be a map 



S : SL{n,C) Mn 



jn— 1 



From geometric invariant theory (see [ FKM , we know that under the adjoint 



action, SL{n,C) has a good quotient, which is a map SL{n,C) — > Tc/W, where 
Tc is the maximal torus of SL{n,C) and W the Weyl group; this map sends 
a matrix to the unordered set of its eigenvalues. Therefore SL{n, C) satisfies 
a universal property, which in this case translates into the statement that the 
Schottky map factors through Tc/W, as in the following diagram. 

SL{n,C) ^ Tc/W 
\S if 

Mn 

We are therefore reduced to describing /. Let us fix the following Cartan subal- 
gebra of sl{n, C) 

\] = {A& SL{n, C) : ^ is diagonal}, 
and using the coroot lattice Aji, define M to be the abelian variety 
M = AR^Xr = AR0 (C/Z © rZ) = f)/ {Ar © tAr) , 
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Prom the explicit form of f) it is not difficult to see that M is isomorphic to the 
kernel of the map t : J (^r)" J (^r) , obtained by tensoring the entries, as in 
subsection iA, with explicit isomorphism as follows. 

\)/[Kr®tKr) ^ kertcJ(X,)" 

[{zi,...,Zn)] ^ (L^,,...,L^„) , 

where Zi E C, , zi + • • • + z„ = 0, and denotes the line bundle over Xr = 
C/ (Z © rZ) corresponding to the divisor [z] — [0] . We will use these two different 
representations interchangeably. 

The Weyl group W acts naturally on M, via the usual action on A/j, and, as 
shown in [ |FM| , pMWt | , , H ? -^n is isomorphic to the I = {n — l)-dimensional 
complex projective space P'(C) obtained as the quotient under this action, 

Mn = M/W. 



In our case, this quotient is given explicitely by the map [Tu| 

vr: M ^ Mn ^^^-^ 

Let now 

s:C* ^ J{Xr) = Xr, e^^'^ ^ Lz 

be the abelian Schottky map for genus one, where we identify, as usual the elliptic 
curve with its Jacobian. It is easy to see that we have the following commutative 
diagram, where the vertical arrows are inclusions 



f) - 




s"\Tr 


i 


i 


i 


C" - 




- JiXrT 



The map / is then the Weyl invariant restriction of s" to Tq. More precisely. 
Proposition 5. The following diagram is commutative 

5L(n,C) ^ Tc/W ^ Tc ^ (C*)" 
S\ if i^lrc i^" 

Mn ^ M ^ J{Xrr 

Proof. The commutativity of the right square is clear, so let us consider the 
middle one. By the construction of the good quotient, / coincides with S when 
evaluated on diagonal matrices 

/ o 7r{wi, ...,Wn) = f{{wi, ■■■,Wn}) = S{diag{wi, ...,u;„)), w G Tc. 

Since the diagonal matrices correspond to vector bundles which are direct sums 
of line bundles of degree 0, we have 

S(diag(u;i, ...,Wn)) = s(wi) © • • • © s{wn) = Lz, © ... © Lz^ (68) 
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where e^'^*^-' = wj, j = l,...,n, and we identify once again Xr with J{Xr)- 
Therefore, by (|6^), 

f O n{wi, ...,Wn) = 7r(L2-^,...,L2„) = TT O s"{wi,...,Wn), 

which proves the proposition. □ 

5 Non-abelian Theta Functions in Genus One 

5.1 The Structure of Non-abelian Theta Functions in 
Genus One 

Consider again our elhptic curve X-r = C/(Z+tZ) and the moduh space AiniXr) 
of semistable holomorphic vector bundles of rank n and trivial determinant over 
Xr- We are therefore restricting ourselves in this and next subsection to the case 
when K = SU{n), with the extra assumption that n > 3. The case of SU(2) 
is special and will be treated in subsection |5.3| . The case of general compact 
semi-simple group K can be treated by analogous techniques. As above, let the 
Cartan subalgebra be f) = {A £ sl{n,C) : A is diagonal}, and consider the 
abelian variety 

M = Aii0Xr = fi/(Aij e tAr). 

Since our aim is to describe theta functions as A(i5/^(„ c)"™'^3'riant holomor- 
phic functions on SL(n, C) it will be usefull to recall their definition as W- 
invariant sections of appropriate holomorphic line bundles on M. Therefore, we 
apply the results of section |3| to the abelian variety M. All Weyl invariant anti- 
symmetric integral forms E on A = Ar © tAr are integral multiples of the form 
El given by Q 

Ei{a,T$) =< a,l3 >=< a,P > 

El {a, P) = El (ra, r/3) = 0, Va, P € Ar (69) 



where, as in section |2.2| , a, (3 denote the coroots corresponding to a, /3 G A^ and 
recall that < , > is the inner product on \) for which the roots have squared length 
2. 

We are now interested in finding a classification of line bundles on M which 
are Weyl invariant. Recall that there exists a one to one correspondence between 
W-invariant antisymmetric integral bilinear forms on A which are compatible 
with the complex structure, and elements of the lattice of integral symmetric 
bilinear forms on Ar, denoted by S'^Ar Q. Consider the familiar exact sequence 

^ Pic^[M) Pic{M) % H'^{M, Z). (70) 

Proposition 6. [Looijenga Let n > 3. For the abelian variety M = X^ 
Ar the sequence ( fT^ j becomes 

^ I)* /{Aw © tAw) ^ Pic{M) ^ S'^Ar ^ 0, (71) 



^Thc Pic^{M)^ part of the sequence (3.2.1) of [Q docs not hold for n > 3 as we show in our 



proof. In subsection 5.3 we show that it docs hold for ?i = 2. 
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for which the Weyl invariant part is 

0^0^ Pic{M)^ ^ (S^Ar)^ ^ 0. (72) 

Proof. We only show that Pic^{M)^ = since this is the only difference with 
respect to |Q. The automorphy factors of the line bundle corresponding to 
X € f)*, with X = xi + TX2 and xi,X2 € A/j ® M = f) J are given by 

e(d + T/3) = e2-^(^i(°)+^2(/3)), aje Ar. (73) 

So, x leads to a Weyl invariant point in Pic^[M) if and only if for all the ele- 
mentary Weyl reflections wj one has 

X — Wj{x) =< aj,x > Uj G AvK ® tA\y. (74) 

From the Cartan matrix for the algebras Ai for / > 2 we conclude that this implies 
that < aj,x >£ Z © rZ, for all simple roots aj, and therefore x E Aw © tAp^/ 
and leads to the trivial line bundle G Pic^(M). □ 

Since all symmetric Weyl invariant integral bilinear forms on A^ are integral 
multiples of <, >, we see from (|7^ ) that Pic{M)^ is infinite cyclic i.e. there is 
a Weyl invariant line bundle Li — > Af (this is the same line bundle Li of section 
^, since ci(Li) corresponds to Ei) such that 

Pic{M)^ = {L^,k£Z}. (75) 

Recall that we have the projection vr : M ^ A^„(Xt-), and let Le be the theta 
bundle over M-n{Xr), as in section ^ Prom theorem (3.4) of 0, we conclude 
that '^*Lq = L\. More precisely, we have 

Lemma 1. Let it : M ^ M/W = P"~^ be the canonical projection and C = 
tt*Lq. Then C = Li, for n > 3. 

Proof. Since £ is a Vl^-invariant line bundle on M, its polarization E = —ImH 
is a multiple of Ei, which means that C = L^, for some p G Z, p > 1. It is shown 
in that 

H^{M,Li)^ ^ C", 

and that dim H^{L^)^ > n for m > 1. Since Lq = 0(1) we have n = 
/iO(P"-\Le) = dimi?°(£)'^ which implies C = Li. □ 

In the notation of section |3| we have that Ai = Ar, A2 = tAr and A = 
A\Y © tAw . The form F on y x V2 is given by 

F(.,.) = -T-i < .,. > . (76) 

The space of theta functions H^{M, L\) is isomorphic to a subspace of the space 
of holomorphic functions on ^/Ar = (C*)' = with a basis {0'^^k]^<^Ayv /kKR 
given by (see (|^)), 

0^^;,,(v) = ^ e"*^^<"+^'"+^>+2'^*''("+^)(''\ v£\). (77) 
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As shown in section ^, these functions are the image under an abehan CST 
of certain distributions in C/(l)'. In order to apply theorem ^ to (^), we show 
in the appendix that the basis of simple coroots for i = cannot be 

completed to a canonical basis of Ai © A2 = A/j © tAr so that we are in the 
situation described in (^4|)-(^). The role of is being played by rAj, where Aj 
are the fundamental coweights. The matrix Cl is then given hy Cl = tC~^ where 
C"^ is the inverse Cartan matrix and R = C (see (p^). The automorphy factors 
read 

in agreement with formula 



The pull-back under tto s"|tc of H^{M-n{XT), Lq) to i)/Aji, corresponds the 
space 'H^^ of Weyl invariant linear combinations of elements of the form (|7^). 
The spaces of level k non-abelian theta functions Ti.^^ are the fibers of a vector 
bundle over the Teichmiiller space of genus one curves (called the bundle of genus 
one, level k, SU{n) conformal blocks in conformal field theory) 

Tik — > Ti = {r G C : Imr = T2 > 0} = Mi (79) 

From ( [77| ) we see that, for every r, a basis of 'H^^ is given by Weyl invariant 
theta functions of the form 

<A: = E ^-(7),fc' 7 G ^W/{W > kAR), (80) 

where W > kAR denotes de semi-direct product of W and kAR. 

Taking into account the r dependence, {O^j.} defines a global moving frame of 
sections of 7ik — > Ti and therefore fixes a trivialization of the bundle of conformal 
blocks. A different trivialization is obtained as follows. Let be the space of 
Weyl anti-invariant theta functions of level k with basis given by 

^7,fc = Yl ^(^) ^-(7),fc' 7 G Aw/{W > kAR) . (81) 

Notice that 9~ , = if 7 is singular, i.e. if < 7,0^ >= for some simple root 
Qj. A non-singular dominant weight 7 G A^^ can always be written in the form 
7 = 7' + /9 with 7' being a, possibly singular, dominant weight. 
Recall the following 

Theorem 7. [Looijenga ^] 

a) The space of Weyl anti-invariant theta functions of level n, TC~ 
dimensional and Ti.~.^ =< >c- 

b) The map 



p,n 



(82) 
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is an isomorphism between the space of level k Weyl invariant theta func- 
tions and the space 'H^_^_^ ^ of Weyl anti-invariant theta functions of level 
k -\- n. 

Let Dk be the set of integrable representations of level k of the Kac-Moody 
algebra sl{n,C)k, Dk = {X G A^| < A,a > < k} = Aw/{W > kAji), where 
a = «! + ••• + On-i is the highest root for sl{n, C). The previous theorem leads 
to a basis of Ti-^^, different from (pO|), given by 

0^, = 7 e D,. (83) 

As we will see in the next subsection from the point of view of the heat equation 
the trivialization of the bundle of conformal blocks corresponding to ( p3| ) is more 
convenient than the one corresponding to (^). 



5.2 CST and Non-abelian Theta Functions in Genus 
One 

We now continue to follow the strategy indicated in the introduction. As we 
mentioned before, by extending the SU{n)-CST C[ of definition [l| to distributions 
we of course lose unitarity. From propositions ^ and ^ it follows that the image 
under of a distribution on SU{n) with infinite norm is a holomorphic 
function on SL{n, C) with infinite norm with respect to the heat kernel measure 

Consider again the projection 

Q : SL{n,C) ^ Tc/W ^ f)/{W>AR) = SL{n,C)/AdsLin,c) 



of section p^ . In order to recover unitarity we will, for every r, restrict integration 
on SL{n,C) to the region (5~^([f)o]) with i)Q C i) a fundamental domain with 
respect to the group W > (A/j © TAfj) and [[)o] = WijQ + A/j. Of course this will 
be meaningful only for those holomorphic funtions on SL{n, C) for which the 
integral will not depend on the choice of ()o- As we will see, this simple condition 
gives a precise analytic characterization of the pull-back of non-abelian theta 
functions to SL{n,C) with respect to the Schottky map S (theorems ^ and ^). 
The relation between the heat kernel measures di'tT2 on SL{n, C) and duf^^ on 
Tc is given by 

Proposition 7. The push-forward of the measure di'tT2 on SL{n,C) with respect 
to the projection Q is given by 

where on the right-hand side we denote the restriction of dvf^^ to a fundamental 
domain of W \> An in\), by the same symbol. 



Proof. This follows from the fact that Lp^ in (2.2) is an isometry. □ 
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Consider then the following problems. We will use the same notation for 
(1^ > A/j)-invariant functions on [), the corresponding j4(i-invariant functions on 
SL{n,C) and also their restrictions to Tq. 

Problem 1. Find t > such that there exist non-trivial subsets of 
(C°°(5[/(n))y'^sc/(") defined by 

T= {V^ G (C-(5C/(n))y'^«^(") : \CimM^^t,. 

is tA/j invariant as a function on {)}. (85) 

Remark 2. Since the functions |C^('i/')P|o'pf^^ in are automatically W \> 
Ar invariant, being also tAr invariant means that they are the pull-back of 
functions on Mn = \)/{W \> (A/j © tKr)). 

For ^I' and ^' Ad-invariant holomorphic functions on SL{n,C), and for a 
choice of a fundamental domain f)o C of the group W> {Ar © tAr), define the 
modified Hall inner product as 



(86) 



where [[)o] = Wi)o + Ar. 

Problem 2. Find t > such that the modified Hall inner product 

{{ClW,Cl{^'))) (87) 
is independent of r for all tp, tp' belonging to T . 

We will see that, remarkably, the spaces T providing solutions to problem |l] 
are independent of r and lead to functions Cl{ip)a which solve problem |^ and 
are automatically the pull-backs to f) / Ar of holomorphic sections of line bundles 
over i)/{AR®TAR). 



We know from lemma 4.2 of | FMN ] and section ^ above that if t = l//c with 
A; G N then t'f^ defines an hermitean structure on Lf. We then have the following 
result. 

Lemma 2. Problem^ has no solution if t ^ 1/k' with k' £ N. 

Proof. The key observation is that ff^ satisfies the quasi-periodicity conditions 

vf'^^iv + Ta) = |e2^H"(^)|2|e'^^^<"'">pi/f^^(t;), foralld G A/j, (88) 

which follow from (p!7|). On the other hand, from corollary |^ Cl{ip)a is a holo- 
morphic function on f) x 71 and verifies 

{Cl{i^)a){v + a,) = {Cl{i;)a){v), (89) 
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for all V e (C°°(5C/(n))y'^si/(n). 

If the function |C^('0)p|(Tpf|!;!i is (A/j © rAR)-invariant then from (p8|) and 



the holomorphicity in [) x 7i it follows that Cl{'ip)a must also satisfy the following 
quasi-periodicity conditions 



where d G Non-zero holomorphic functions satisfying (^) and ( |90D do not 
exist if 1/t ^ N. This results from the fact that if 1/t ^ N then the automorphy 
factors in (|90| ) are not invariant under v ^ v + (3 ^ A^, which makes it 
impossible to solve (p9|) and (|90|). □ 



Note that functions satisfying (|89| ) and ( |90|) with t = 1/k' are level k' theta 
functions with automorphy factors (compare with (|49|) and ([7^)) 



e(d + rd', = e-2^^'='"'('')-^*^'^<°''"'>-2^^«^'"'>. (91) 

Let us now find the nontrivial set of distributions in {C°°{SU{n)y)^'^sv("'> 
solving problem |l[ Since a is M^-anti-invariant and Cyj^,{ip) is PF-invariant, 
we conclude that the functions Cyi^,{ip)a satisfying (^) and ( [90| ) are PF-anti- 
invariant. As in the proof of proposition |6|, this implies that d in ( |9l] ) belongs to 
A]y. Therefore, we can take d = 0. 

We then have, 

Theorem 8. Problem || has a solution, denoted by J^k if md only if t = 
with A; G N U {0}. The spaces Th are t -independent, have dimensions given by 
the Verlinde numbers 

dim = rt-') (92) 

and have basis formed by 



V'7,fc(^^) = ~Y1 ^(^)^l+P,k+niw{v)), V E [)R, (93) 



where 7 = if k = and 7 G A\y/{W > kAji) if k > and 

e',+p^u+n{v) = E e2-(^+^+('^+")")(''). (94) 

Proof. From lemma |2| we can consider 1/t G N. On the other hand, from theorem 
^ it follows that non-zero ly-anti-invariant theta functions exist only for level 
k' > n. So if 7^ V e {C°°{SU{n)y)'^'^su(r^) satisfies the condition (||) then 
t = l/{k + n), k > and (/'c°Ci/(fc+„)(V') (see (^2|)) is a Weyl anti-invariant theta 
function of level k + n. Conversely, from theorems ^ and |^ it follows that every 
Weyl anti- invariant theta function 6 £ T~(-^_^_^ ^ is the image under (^c o C^^^^_(_^^ 
of a unique Ad^^/j^n^-invariant distribution from J^i^. It is easy to check that the 
inverse images under (pc o C'i/(^,^„) of the theta functions in (|8l] ) are given by 
the distributions Yr^V'7,fc in the theorem. The r-independence of J^k follows 



from (93). □ 
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In terms of characters of irreducible representations of SU{n), the distribu- 
tions ii-y^k-,! G -Dfc = {A G Ayj^l < A,a > < A;} = Kw/{W >kkii), where a is 
the highest root for sl{n,C), have the form 

^7,fc = J2 

A+p6[7+p] 

where [7 + p] is the (VFc> (/c + n)A/j)-orbit of (7 + p) and = e{w) for the unique 
w gW such that A + p = 1^(7 + p) mod (/c + n)A/j. This follows from the Weyl 
character formula ( |l^ ) and the fact that the group W > {k -\- n)Aji acts freely on 
the set of dilated Weyl alcoves [Ber, Fr, PS|. 



We now consider the images of the spaces J-k under the CST and show that 
the solution of problem |^ leads to the solution of problem ||. Let 7ik,T be the 
image of under CJ^^^^^^^y 

'Hk,T = C[=i/(fc+„) i^k) ■ (96) 

On 7ik,T we have the hermitean inner product ((•,•)) ( ^6|) induced by the Hall 
CST inner product. The hermitean structure on Tlk in ([79|), which is of interest 



in Conformal Field Theory, is [AdPW| 

1 

\W\ 

for e+' G nt^. We then have 



< G^^G^' >= I ^+^^>p:nl'<'/(fc+„), (97) 



M 



Theorem 9. The family {'Hk,T}TeTi in d^q j forms a vector bundle over Ti iso- 
morphic to the bundle of conformal blocks Tlk Ti (fT^- 

The hermitean structure defined by (^^, with t = \/{k + n), does not depend 
on f)o and the map '■ T~Lk — > Tlk in ^ is a unitary isomorphism of vector 
bundles. 

Proof. We have shown in theorem ^ that the restriction of 99c ° ^i/{k+n) *° 
J^k C (C°°(5C/(n))')^'^^^(") is an isomorphism to TC^^^^. From theorem it 
then follows that the bundle of conformal blocks Tik ^ Ti in ( |79[ ) is isomorphic 
to the bundle 

nk = {-HkA ^ Ti (98) 

with simple isomorphism given by (§). 

The identities (^8|), (|89|) and (|90|) imply that the hermitean structure (|8^ ) 
does not depend on [)o. From theorems Q and |7| it follows that (^) defines a 
shifted hermitean structure on Tik for which the frame 

Q — 

it^^,fc - — p j 

is orthonormal. (Notice that the same is not true for the "unshifted" frame 
fc}') from formula ( |86|) that with these hermitean structures on 'Hfc 

and Tik the isomorphism <I>fc in (|^) is unitary. □ 
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Finally, we recover the unitarity of the CST with 
Theorem 10. With respect to the t -independent inner product (•, •) on J-t for 



which the basis {V'7,fc} in (9S) and (95) is orthonormal, the CST 



CI=l/(k+n) '■ i^k, (•, •)) (Wfc.r, (( •, • ))) 

is a unitary isomorphism Vr G 7i and G Nq. 
Proof. From theorem ^ we see that 



^IIpIP 



g fc + Ti I 

= e-^^^,_^^. (99) 



Unitarity then follows from (|86|) and theorem |^. □ 
In terms of characters of SU{n), from (^), (^) and ( |99|) we obtain 

Cl/^k+n)i^i,k) = E ^Ae^^^XA. (100) 
A+pe[7+p] 

5.3 The Case of SU{2) 

Somewhat surprisingly, the case of -ftT = SU{2) is special for several reasons. To 
begin with, the Weyl invariant antisymmetric integral bilinear forms on 

A = Ai? e tAr = Zai e rZai 

are integral multiples of Ei, where Ei{ai,Tai) = | < ai,ai >= 1 which is 
different from (|69|) by a factor of 1/2. The form F is now given by F{., .) = 



— \t ^ <.,.>. As in (l36| ) this defines the line bundles L\ on the abelian variety 
M = Xr®kR = Cai/(Zdi e rZai) ^ X^, Cai = f). 

The space of theta functions H^{M,L\) is isomorphic to a subspace of the 
space of holomorphic functions on [)/Ajj = C* = Tc with a basis {^7,fc}'y6Aiv/(fc/2)AH 
given by (see (|^)), 

0^_fc(v) = ^ g^*fcr|<f7+a,f7+">+^»fc(f7+a)M^ (IQl) 

or in more explicit classical notation, 7 = mAi = (m/2)ai, w = zai and a = pdi 



with < m < fc, m G N. In this case we have {S'^Kji)^ = S'^Kr and 
Proposition 8. [Looijenga The Weyl invariant part of the sequence is 
^ [1/2 {Aw e tAw)] I {Aw © tAw) ^ (Pic(M))^ ^ S'^Ar ^ (103) 
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Proof. As in proposition ^ it suffices to determine Pic^{M)^ . The condition 
( |7^ has a solution if and only if x = (mi + rm2)ai/4, mi,m2 S Z. Therefore, 

(Pic°(M))^ ^ [1/2 {Aw © tAh/)] / (Ah/ © tAw) = ^2 © Z2. 

□ 

The second main difference is that, in contrast with lemma |l|, not all line 
bundles in Pic{M)^ are the pull-backs of line bundles on A42(^r)- Denote line 
bundles in (Pic°(M))'^ by A^^, r? G [1/2 {Aw © tAw)] / {Aw © tAw) and let Li 
he the line bundle on M with automorphy factors defined by the form F above, 

e{a + r/3, v) = e-^^f^^'')-\^'^<^'P> . (104) 

We see from <M%) that 



(Pic(M))^ = I © , A; G Z, 77 G [1/2 (Ah/ © tAh-)] / {Aw © tAh') } . (105) 

Lemma 3. Let vr : M ^ M/W = M2{Xt) = be the canonical projection and 
C = 7r*Le. Then C ^ Lj. 

Proof. In this case, M = and the map vr : M — > M2 becomes the two-fold 
ramified covering of F\ X^/Z2 = The pull-back to X^ of the the 

fcth power of the theta bundle, 0{k) M.2-, will be a line bundle of degree 
2k. On the other hand, T^~^{['n:{{\ + T^)ai)]) = 2[(i -|- r^)ai] as an element 
in Div{Xr) and therefore 7r*C'(l) = Lf, since the zero of the Riemann theta 
function (A; = l,m = in (|0|)) is (1/2 + l/2r)ai. □ 



As a consequence of the above results, we obtain as the third significative 
difference with the case n > 3, the fact that the CST and problems |l| and |2| lead 
not only to non-abelian theta functions on M2{Xr), but also to Weyl invariant 
theta functions on M which do not descend to sections of bundles on the moduli 
space. We have in place of lemma |2| 

Lemma 4. Problem^ for SU{2) has no solution if t ^ 2/k' with k' G N. 

Proof. This follows immediately from the proof of lemma ^ and from 

< ai, ai >= 2. □ 



From (pO|), (104) and ( |105|) we see that the possible automorphy factors of 



the functions Cyi^,{ip)cr for distributions satisfying (85) are 



e{a + ra', v) = e-^ik'a'{v)-^iT!^<a' ,a'>-2^i<d,a'> ^ ^^Qg) 

with d = or d = (l/2)Ai = (l/4)ai. 

Functions with automorphy factors corresponding to d = (1/2) Ai in 

( |106| ) can be obtained from those with d = through a translation of L\ by 

^{rAi/2), 

e{v)^e^'^i'^\v) = e{v + Xi/k'). (io7) 
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A basis for H^{M, iV(r Ai/2) ® L^') is then given by 

^(l/^2)(-^-) _ ^^_2-)Pg7ri^(m+A;'p)2+27ri(m+A;'p)z^ (108) 

for 171 = 0, k' — 1. The action of the Weyl group = Z2 is 9{v) 1-^ 0{—v) on 
the elements of the basis in (|102|) and (|108|) is 



.,k'{-z) = 9k'-m,k>{z) 

^ 2), , ^(1/2) 
'm,k' \ ■^1 ~ ^k'-m,k 



Let Ji^, ^ and H^., ^ be the spaces of, respectively, Weyl invariant and anti- 
invariant sections of L\ . We have the following 

Lemma 5. 1. If k' = 2k, with k £N, then "H^^ ^ has dimension k + 1 and is 

generated by {60,2k, 0k,2k, 6j,2k + d2k-j,2k,j = 1, k-l}. The space H^f, .^ 
has dimension k—1 and a basis is formed by {9j,2k — 62k-j,2k, j = 1, ■■■,k—l}. 

2. Ifk' = 2k+l, with A; G N, then W^^-^ ^ has dimension k+1 and is generated 
by {&0,2k+l,(^j,2k+l + &2k+l-j,2k+l,j = l,---,^}- 

The space 'H'^j^j^i ^ has dimension k and a basis is formed by {0j,2k+i " 
02k+i-j,2k+i,j = 1,...,A;}. 



Proof. The result follows immediately from (|109| ). □ 

The corresponding similar result holds for the decomposition of 
H^{M, N(^^Xi/2) ) under the action of the Weyl group. The analog of theorem 
becomes. 

Corollary 3. 

a) The space Ti.^^ of Weyl anti-invariant sections of L\ is one- dimensional 
and ^ =< 9^ >, where 9^ = 6*1,4 — ^3,4- 

b) The map 



(110) 



is an isomorphism between the space of Weyl invariant sections of Lf and 
the space of Weyl anti-invariant sections of L^'^'^ . 

Proof. This is an immediate consequence of the previous lemma. □ 

Again, the corresponding result holds if we replace Lf' by N(^^Xi/2) ^Lf'- We 
note that the space W is also one-dimensional and also provides an isomorphism 
from Tl2j^ ^ to W^^^g ^, which are both of dimension A; + 1. 

Consider the distributions on SU (2) defined by 
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2iTi{m+k' p)x 



tT^^^ = ^(-lre2-('"+'='f)^ (111) 



for m = 0, /c' — 1. We then have, 

Theorem 11. Problem ^ has solution if and only if t = 2/k' , where k' is of 
the form k' = 2k + 3 or k' = 2k + 4 with A; € No- For every such k' , the set 
Tk of distributions satisfying ^Sdj ) is the union of two subspaces J^^^ and T^^"^^ 

intersecting only in and with dimensions equal to k -\- 1. A basis for J^j^^ is 
formed by 

i^mA^) = ^ E <w)el^^^^,{w{v)), (112) 

with m = 0,...,k. A basis for T^^^'^^ is formed by distributions with identical 
expressions, only with 0^^_^^'^f^, replacing 0^^^ ^, . 

Proof. Follows immediately from the proof of theorem ^, with obvious changes 
coming from lemmas ^, ^ and ^. □ 

When k' = 2k + A the image of J^^^ under the CST ^^^^=2/(2^+4)' ^ 
gives a vector bundle TCk — > 7i, which is isomorphic to the bundle of conformal 
blocks. The analogs of theoremsp] and ^ now follow from corollary |^ by adapting 



the proofs of theorems U and 10 



The image under the CST of the space of distributions J'j^^'^^ , does not lead 
to pull-backs of holomorphic sections of line bundles on A^2(^t)- Similarly, when 
k' = 2^ + 3, the image by the CST of the space J-^ leads to holomorphic functions 
on SL{n,C) which are W>{Aji(BT\ii) invariant but which, nevertheless, descend 
to M.2{Xr) only as sections of orbifold line bundles. 

Therefore, while in the case of A^„(Xt-) for n > 3 problem |l| led automatically 
to non-abelian theta functions, for SU{2) this happens only for a subset of its 
solutions. 



6 General Comments and Conclusions 

The vector bundle of conformal blocks 7ik has been the subject of much interest. 



In [AdPW|, Chern-Simons topological quantum field theory was analysed from 
the point of view of geometric quantization on infinite dimensional affine spaces 
of connections. In that context. Tit is endowed with a hermitian structure (see 



eq. 5.49 in [ AdPW| ) which coincides with the one described in section |5[ In that 



case, the shift in the level k ^ k + n which gives rise to the correct unitary struc- 
ture on Tik, comes from (not fully rigorous) Feynman path integral calculations. 
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leading to regularized determinants of Laplace operators on adjoint bundles. On 
the other hand, in the present work the shift follows naturally from the gener- 
alized CST and the Schottky map. In fact, the consideration of class functions 
or distributions on K, and the factor of a in the Weyl integration formula, lead 
to Weyl anti-invariance and ultimately to the hermitean structure (86) or equiv- 
alently (|97[). This is the same hermitean structure obtained in [AdPW] and, as 
noted already, is different from the, a priori, most natural one, for which the 



frame in ( pOj ) would be orthonormal. The present work then provides a finite 
dimensional framework for explaining the shift in the level. 

The CST (extended to {C°^{SU{n))y and restricted to J^k) induces a par- 
allel transport on the bundle 7ik which coincides with the one associated to 
the Knizhnik-Zamolodchikov-Bernard |KZ, Ber | connection introduced in Wess- 
Zumino-Witten conformal field theories [Wil, Wi2] or also the connection con- 
sidered in the context of Chern-Simons theories lAdPWi iFCj |G|. 



We believe that our results also contribute to clarifying the relations be- 
tween the heat equation on the compact group K and the representations of the 
loop group LK, a point raised in |PS| (see page 286). The genus 1 non-abelian 
theta functions appear in the Weyl-Kac character formula for the affine alge- 
bra Lie{LK), and as we have seen these theta functions, including the unitary 
structure, can be naturally studied with CST techniques. 

Similar techniques are also useful for the (much harder) study of non-abelian 
theta functions for curves of genus greater than 1 | FMNTfl . We note that in the 
present work and also in the case of classical (abelian) theta functions pMN ], 
the choice of distributions to which the CST should be applied to produce non- 
abelian theta functions is dictated by naturality conditions related to the unitar- 
ity of the extended CST. Alternatively, in both cases the same distributions can 
be determined by Bohr-Sommerfeld conditions in geometric quantization |Ty|. 
In fact, the distributions in ( p3| ) are combinations of Dirac delta distributions 
supported on Bohr-Sommerfeld points. This should be related to the work of 
[We|. We expect that this continues to be true in the higher genus non-abelian 



case as well. 



7 Appendix 

In this appendix, for convenience of the reader, we obtain explicit expressions 
for the canonical bases of Aji © tAr with respect to the form Ei in (p9|), for the 
case of the Lie algebra sl{n,C). We also write down the corresponding period 
matrices. 

We start with a lemma valid for a simple Lie algebra g, of rank /. To simplify 
the notation, instead of the coroot lattice, we will work with the root lattice 
Ar C f). Let E be the antisymmetric Z-bilinear form on Ajj © tAr given by 

E{ai,aj) = E{Tai,Taj) = 0, E{ai,Taj) = -E{Taj,ai) = Cij, 

where C = [Cij] is the Cartan matrix of g. Recall that a canonical basis 
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{Pi,..., Pi, Pi,...., Pi) of Ar © tAr with respect to E satisfies by definition 

E(Pi,Pj) = E(Pi,Pj) = 0, E{Pi,Pj) = -E{~Pi, pj) = SiSij, 

where • • • are integers, with 6i - ■ ■ 6i = det C. 

To find such a canonical basis, let us write the (ordered) basis of simple 
roots in Ar as a row vector a = {ai, ...,ai). In particular, any other basis 

P = iPi: •■•iPl) can be written as /? = a A for some integer matrix A with unit 
determinant. In this notation, it is easy to see that the pair {P,P) forms a 
canonical basis of Ar ® tAr if and only if there are matrices A,Ae SL{l,Z) 
such that 

A^CA = A, (*) 

where A = diag{5i, and A* denotes the transpose of A. In fact, the bases 
are related by /? = a A and $ = raA. 

The solutions of (*) can be naturally identified with bases of A^, the weight 
lattice. More precisely, let us say that a basis P of Ar is completable if there exists 
a basis (/?, /?) of Ar(BtAr, which is canonical with respect to E, or equivalentely, 
if there exists a solution of (*) with P = aA. Then, we have 

Lemma 6. P is completable if and only if PA~^ is a basis of Aw. 

Proof Let P = aA and let A^CA = A for some matrices A,Ae SL{l,Z). Since 
the relation between roots and weights is given by a = AC, we have 

= aAA-^ = XCAA-\ 

which means that PA~^ is a basis of Aw, because CAA~^ = {A^)~^ is a uni- 
modular matrix. □ 

Now let us consider the case of sl{n,C), where the simple roots {ai,...,ai} 
form a basis of Ar, n = I + 1. Prom the above lemma, we see that a is not 
a completable basis of Ar, except when Z = 1 (in which case (a, ra) is clearly 
a canonical basis of Ar © tAr). We assume henceforth that I > 2, and let us 
consider a slightly different basis 

P = {Pi,-, Pi) ■= {ai,...,ai^i,nXi), 

where Ai is the fundamental weight dual to ai. Since nAi = lai + {l — 1) 0:2 + ...+ 
ai, then P = aA for a unimodular matrix A, which means that /3 is another basis 
of Ar. To prove that this P is indeed completable, consider 5i = ... = = 1 
and 61 = n, and write PA~^ = (ai, Ai); this implies that the matrix 
relating A to PA~^ is an integer matrix; since this matrix is CAA"^ (from the 
lemma), it has determinant one, which proves that PA~^ is a basis of Aw- (Note 
that detC = det A = n). 

Simple calculations now give the following explicit expressions. Recall that 
the period matrix CI is defined hy jd = /?f2A. 
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Proposition 9. For I > 2, a canonical basis of Ar tAr with respect to E is 
{Pi,..., Pi, Pi,...., Pi), where 

' Pi = Ui, i = 1, 1 

Pi = n\i = lai + (/ - 1) 02 + •■• + cti 
Pi = rXi - (n- i)TXi, i = l,...,l-l 

^ Pi = nrXi 

The period matrix is then given by 

Qi^i+k = ^i+k,i = T{n - -i-k), i + k <l -1 
< i^i^i = T{i — I), i <l — 1 

. ^1,1 = T^. 

Proof. We have verified the formula for P, and the one for P = {Pi, ....,Pi) is a 
direct calculation from P = raA = tX (^*) ^ A (using (*)). Since we also have 
P = raA = tPA~'^A, we get 

^ = tA-^AA-'^ = tA-^C-\A^)-^, 

which readily gives the above expression for the period matrix (note that all its 
entries have to lie in ^Z). □ 

Let us now examine the other possible canonical bases, i.e, all the solutions to 
(*). If the pairs {Ai,Ai) and (^2,^2) are both solutions of (*), with A2 = AiB, 
and A2 = AiB, for some unimodular matrices B and B, then necessarily 



B^AB = A. 



It is not difficult to sec that the set of matrices B such that there exists B 
satisfying (**) form a group, and that this is the subgroup r„ C SL{l,Z) of 
modular matrices of the form 



B 



a b 
c d 



where a is an {I — 1) x {I — 1) matrix, d is an integer, b and c* are {I — l)-vectors 
and b G nZ'-^ (all entries in b are multiples of n). Finally, if are period 
matrices given by Jlj = tA^^C~^ {Afj ^ , i = 1,2, as in the proposition above, 
and A2 = AiB~^ , for some B eF^, then we have 

O2 = BniB\ 

This means that two period matrices which are related in this way for some 
B eFn should be regarded as equivalent. 
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